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Abstract. The specific heat, structural characterization, and magnetic property studies of a new spin
ladder with the geometry of butterfly-shaped configuration are reported. The model introduced here is
an infinite spin ladder-type including spin-1/2 particle for which unit blocks consist of two butterflies
connected together through their bodies (Body-Body bridges). Localized spins on the wings of butterflies
have XXZ Heisenberg interaction with two extra spin-1/2 particles assumed in the center of each cage
(unit block), while they have pure Ising-type interaction with those spins that are localized on the bodies.
Hence, there are six interstitial spins and four nodal spins (Body-Body interaction) per block. To obtain the
partition function of this model, we use the transfer matrix approach, then we examine the magnetization
process, as well as, the specific heat of the model. Interestingly, we see a wide magnetization plateau
at 5
6
of the saturation magnetization that is strongly dependent on the magnetic field and anisotropy
variations. Moreover, some unexpected phenomena are observed in the low-temperature limit, such as
anomalous triple-peak in the specific heat function which gradually turns to a double-peak upon increasing
the magnetic field and/or anisotropic Heisenberg coupling, due to the ferromagnetic phase predomination.
PACS. XX.XX.XX No PACS code given
1 Introduction
Obtaining a profound perception about interacting quan-
tum many-body systems like low-dimensional magnetic
materials with competing interactions or geometrical frus-
tration have become an intriguing research object in a
number of subjects such as condensed matter physics, ma-
terial science and inorganic chemistry. In these particular
areas many investigations concerned about quantum fer-
rimagnetic chains have been carried out, due to that they
present a relevant combination of ferromagnetic and anti-
ferromagnetic phases. As a result of zero and finite tem-
perature phase transitions, these materials present various
ground states and thermal properties [1–9]. Spin ladders
can be count as attractive models among these systems.
The latter consist of square-shaped topological units along
the ladder [9–19].
During the past two decades it has become possible to
synthesize a large variety of compounds such asA3Cu3(PO4)4
with A = Ca, Sr [20], Cu3Cl6(H2O)2 ·2H8C4SO2 [21,22],
the ferromagnetic diamond chains in polymeric coordi-
nation compound Cu3(TeO3)2Br2 [23] and the natural
mineral azurite (Cu3(CO3)2(OH)2) [24, 25], which can
be properly introduced in terms of Heisenberg spin mod-
els. Recently, A. Baniodeh et al. verified experimentally
the ground state as well as low-temperature thermody-
namic properties of material
[
Fe10Gd10(Me−tea)10(Me−
a e-mail: arianzad.hamid@mshdiau.ac.ir
teaH)10(NO3)10
] · 20MeCN as a saw-tooth spin chain in
detail [26]. Motivated by some compounds such asBi2Fe4O9,
F. C. Rodrigues et al. designed an interesting spin model
for one stripe of the Cairo pentagonal Ising-Heisenberg
lattice, then they investigated in detail zero-temperature
phase transition for such model in Ref. [27].
Quantum phase transitions have been one of the most
interesting topics of strongly correlated systems during the
last decade. It is basically a phase transition at zero tem-
perature where the quantum fluctuations play the dom-
inant role [18, 19, 28–33]. Further studies to investigate
these quantum spin models have provided precise out-
comes for the ground-state phase transition in the pres-
ence of an external magnetic field, which can be induced
through the exchange couplings [34–37]. It is quite note-
worthy that the ground state and thermodynamics of the
spin ladders constituted by higher spins have been partic-
ularly examined as well [4, 36].
Magnetization curves of low-dimensional quantum fer-
romagnets/antiferromagnets are topical issue of current
research interest, in order to they often exhibit intrigu-
ing features such as magnetization plateaus. The spin-
1/2 quantum chain in a transverse magnetic field [38,39],
the spin-1/2 quantum spin ladder [18, 40], spin-1/2 Ising-
Heisenberg diamond chain in a transverse magnetic field
[2,7,8,30–32] are a few exactly solved quantum spin mod-
els for which magnetization varies smoothly with rising
absolute magnetic field until reaches its saturation magne-
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Fig. 1. Schematic structure of a Ising-Heisenberg spin ladder
of decanuclear spin-1/2 particle cages. WB and BB abbrevia-
tions denote Wing-Body and Body-Body interactions, respec-
tively.
tization. For the small quantum spin clusters, V. Ohanyan
et al. investigated general non-commutativity features of
the magnetization operator and Hamiltonian [41]. The
specific heat of magnetic materials has attracted much at-
tention over the past two decades, since it usually exhibits
an anomalous thermal behavior by altering other param-
eters of the Hamiltonian such as coupling constants, spin
exchange anisotropy and magnetic field etc. Such a pa-
rameter can be typically approximated under a certain
thermodynamic condition by the Schottky theory [9, 42].
The associated round maximum of the specific heat, the
so-called Schottky peak, has been experimentally detected
in various magnetic compounds [43–45].
In solid state physics and Material science, most of the
theoretical treatments are based on numerical techniques.
Hence, an analytical approach to describe the ground state,
magnetic and thermodynamic properties of the quantum
spin systems such as the magnetization and specific heat,
is definitely required. A promising method is the transfer-
matrix formalism which has widely been applied to a num-
ber of strongly correlated systems at zero-temperature, as
well as, low-temperature for studying the ground- and low-
lying state properties of spin models. In the present paper,
we theoretically describe how the transfer matrix method
can be used to calculate the thermodynamic properties
of a new specie of spin-1/2 ladder with Ising-Heisenberg
interactions.
In the present work, we are going to examine the mag-
netization and the specific heat for the interstitial half-
spins of a spin ladder-type of decanuclear spin-1/2 particle
cages in the presence of an external magnetic field at low
temperature. The considered ladder with periodic bound-
ary conditions is shown in Fig. 1. The great motivation
to consider such a particular spin ladder with analytical
Hamiltonian is to investigate theoretically some thermo-
dynamic parameters like magnetization and specific heat
of a so close spin model to real magnetic materials in terms
of spin configuration that exhibits stimulating behaviors
against magnetic field at low temperature.
The paper is organized as follows. In Sec. 2 we intro-
duce the exactly solvable model. In Sec. 3, we present the
thermodynamic solution of the model with in the transfer-
matrix formalism. In this section, we also numerically dis-
cuss the magnetization and specific heat of the model in
the presence of an external homogeneous magnetic field.
Some conclusions and future outlooks are briefly men-
tioned in Sec. 4.
2 Model and exact solution within the
transfear matrix formalism
The Hamiltonian of the spin model shown in Fig. 1
can be expressed as
H =
N∑
i=1
[
−
4∑
j=1
JH(Sj,i · Sj+2,i)∆ + JIs
(
Sz1,iS
z
2,i + S
z
5,iS
z
6,i
)
JIs
[
(σz1,i + σ
z
1,i+1)(S
z
1,i + S
z
2,i) + (σ
z
2,i + σ
z
2,i+1)(S
z
5,i + S
z
6,i)+
σz1,iσ
z
2,i + σ
z
2,iσ
z
2,i+1
]− gµBBz( 6∑
j=1
Szj,i +
1
2
4∑
j=1
σzj,i
)]
,
(1)
where N is the number of blocks and
(Sj,i · Sj+2,i)∆ = Sxj,iSxj+2,i + Syj,iSyj+2,i +∆Szj,iSzj+2,i,
(2)
corresponds to the interstitial anisotropic Heisenberg spins
coupling JH and ∆, while the nodal spins localized on the
i-th rung are representing by Ising-type exchanges JIs.
2Sα = σα for which σα = {σx, σy, σz} are Pauli operators
(with ~ = 1). Bz is applied homogeneous magnetic field
in the z-direction. The gyromagnetic ratio is taken to be
g = 2.42 (µB = 1) in the plots drawn in this paper.
The cornerstone of our further calculations is based on
the commutation relation between different block Hamil-
tonians [hi, hj ] = 0, which will allow us to characterize
the partition function of the ladder under consideration
and represent it as a product over block partition func-
tions Z = Tr
[ N∏
i=1
exp(−βhi)
]
, where β = 1kBT , kB is the
Boltzmanns constant and T is the temperature. In the two
qubit standard eigenbasis of the composite spin operators
{σz1,i, σz2,i, σz1,i+1, σz2,i+1} of the two consecutive rungs of
the block i, we can consider the following matrix repre-
sentation to formulate partition function Z as
Z = Tr
[〈σz1,1σz2,1|T |σz1,2σz2,2〉 · · · 〈σz1,Nσz1,N |T |σz2,N+1σz2,N+1〉],
(3)
where σzj,i = ±1, and under the periodic boundary condi-
tions we have σj,N+1 = σj,1 . We can figure out the 4× 4
transfer matrix T as follows
T (i) = 〈σz1,iσz2,i| exp(−βhi)|σz1,i+1σz2i,+1〉 =
64∑
k=1
exp
[− βEk(σz1,iσz2,i, σz1,i+1σz2,i+1)]. (4)
Ek denotes eigenvalues of the unit block Hamiltonian. Since
we seek eigenvalues of the transfer matrix in the thermo-
dynamic limit N → ∞, the largest eigenvalue Λmax has
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Fig. 2. Magnetization per saturation value M/Ms as a func-
tion of external magnetic field B/JIs for fixed value of JH =
1.5JIs and three different coupling constant ∆ = 0.2JIs,
∆ = JIs and ∆ = 2JIs, at (a) low temperature T = 0.2JIs,
(b) T = JIs, and (c) T = 5JIs.
the most effect on the thermodynamic properties of the
system, whereas other three smaller eigenvalues are al-
most effectless and their contribution can be completely
neglected. Hence, the free energy per block can be ob-
tained from the largest eigenvalue of the transfer matrix
(4) as
f = − 1β limN→∞ ln
1
NZ = − 1β lnΛmax. (5)
Fig. 3. The specific heat of the introduced spin ladder as a
function of the temperature for various fixed values of the mag-
netic field B = 0.1JIs, B = JIs and B = 2JIs, where other
parameters are taken as ∆ = 2JIs and JH = 1.5JIs. The in-
set displays the temperature dependence of specific heat in the
presence of a weak magnetic field for three different dimension-
less coupling constant ∆ = 0.2JIs, ∆ = JIs and ∆ = 2JIs.
3 Results and discussion
Now one can utilize the thermodynamic relations to
evaluate various quantities that would be investigated.
Specific heat, entropy, and magnetization per block can
be consequently defined as
M = −
(
∂f
∂B
)
T
, S = −
(
∂f
∂T
)
B
, C = −T
(
∂2f
∂T 2
)
B
.
(6)
Figure 2 illustrates the magnetic field dependences of mag-
netization in the unit of its saturation. Figure 2 (a) demon-
strates the magnetization per block against the magnetic
field at low temperature, and Figs. 2 (b) and 2 (c) display
this quantity versus the magnetic field at higher temper-
atures. It is quite obvious that the magnetization curve
shows an intermediate plateau at 56 of saturation mag-
netization . The plateau becomes wider upon increasing
the coupling constant ∆/JIs, namely, for higher values
of ∆/JIs, magnetization jumps from the
5
6−plateau to
the saturation magnetization at higher absolute values
of the magnetic field. Interestingly, as the temperature
increases the plateau gradually disappears until at high
temperature the magnetization behaves as a smooth log-
arithmic curve without plateau. It its also noteworthy
that with increase of the temperature the magnetization
curves coincide together, in this situation the spin ex-
change anisotropy ∆/JIs acts as a resistance factor of this
coincidence. Now let us examine the effects of anisotropy
∆/JIs and the magnetic field on the temperature depen-
dence of the specific heat. To this end, we display in Fig.
3 the temperature dependence of the specific heat for the
model under consideration for the several fixed values of
4 Please give a shorter version with: \authorrunning and \titlerunning prior to \maketitle
the magnetic field. When the temperature growths from
zero the specific heat increases till a small peak arises
(T < JIs) in weak magnetic field (red curve). By inspect-
ing Figs. 2 and 3 and a precise comparing, one can realize
that this peak arises when the magnetization plateau ap-
pears. It could be expected that for very weak magnetic
fields (B  JIs) and/of high anisotropies (∆ > 2JIs, for
more detail see the inset), the specific heat curve mani-
fests a Schottky-type maximum that strongly depends on
the strength of the magnetic field. With further increase of
the magnetic field, this thermodynamic quantity exhibits
more peaks. Actually, in the presence of the higher mag-
netic fields, the specific heat of the model displays a small
peak at finite low temperatures. When the temperature
increases, a steep increase appears where second peak is
created, and in turn third peak arises that is highest peak.
The latter peak diminishes upon increasing the magnetic
field. With further increase of the magnetic field the height
of such a peak gradually decreases until becomes smaller
than second peak and moves toward higher temperatures.
This phenomenon is in accordance with the ferromagnetic-
antiferromagnetic quantum phase transition. As an out-
standing result, here the specific heat shows three sepa-
rated peaks that are strongly dependent on the magnetic
field. Besides, first and second peaks undergo considerable
changes under magnetic field variations, as a matter of
fact, they merge together upon increasing magnetic field.
These changes in specific heat behavior are compatible
with the magnetic alternations of the system.
The inset of Fig. 3 shows the temperature dependence
of the specific heat for various fixed values of the coupling
constant ∆/JIs in the presence of a weak magnetic field
(B = 0.2JIs). Obviously, the specific heat curves coin-
cide at high temperature when a weak magnetic field is
applied. At low temperature, this quantity depicts differ-
ent behavior with respect to the coupling constant ∆/JIs
changes. To clarify this point, one can see that when∆/JIs
decreases the smallest peak of specific heat curve gradu-
ally disappears, whereas the specific heat resists to keep
its larger peaks. This adventure indicates that the sys-
tem undergoes one another quantum phase transition that
may occur under this specific thermodynamic condition.
At high temperature the specific heat decreases and grad-
ually goes to zero.
4 Conclusions
In this paper, we have theoretically investigated ther-
modynamic properties of a new spin ladder-type consist-
ing of spin-1/2 particle cages for which unit blocks in-
clude four pivalate ligands bridge wing-body spin centers
within the butterflies. We consider two extra interstitial
half-spins in each cage which have XXZ Heisenberg inter-
action with spins localized on the bodies of butterflies. To
do so, we have examined the magnetization process and
specific heat of this model by means of solution within the
transfer-matrix formalism.
In terms of numerical investigations, we understood
that the magnetization has a plateau at 56 of the satu-
ration magnetization. This plateau rigorously depends on
the temperature and spin exchange anisotropy. Further-
more, it has been demonstrated that in the presence of
the weak magnetic fields, the specific heat curve manifests
three separated peaks temperature dependence. Magnetic
field and the anisotropy variations can remarkably alter
the shape and the temperature position of these peaks.
Namely, the magnetic field increment (the anisotropy decre-
ment) leads to vanishing the smallest peak, hence, the
specific heat has just a double-peak. The thermal exci-
tation of low-lying energy causes this anomalous double-
peak. Thus, the specific heat variations with respect to
the temperature are in a good accordance with the low-
temperature magnetization response to the anisotropy and
temperature changes, this may indicates the ground-state
phase transition related to the magnetization jump.
Further applications of the method discussed in this
paper pave the way to set and interpret the numerical and
analytical expressions for utilizing transfer matrix formal-
ism in realistic scenarios and comparison of the results
with the experimental data obtained from investigating
novel magnetic materials with the similar spin configu-
ration, which can play an important role to better un-
derstand features of more complicated magnetic materials
and their thermodynamic properties.
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